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Fig.2|Hydrohedron sound mode geometry. a, Sound mode cross-section of
the hydrohedron in the (al, RB,, R?a;)-hyperplane. b-d, Its projections to the (Rf,,
R’a;)-plane (b), (a;, R?a;)-plane (c) and (a;, RB,)-plane (d). Colour coding as in Fig.
1. The functions determining the boundaries of each projection (solid black lines)
are detailed analytically in the text. The purple crosses represent the location of

? % SYMinthe holographic regime, the red open circles correspond to

conformal kinetic theory in the relaxation time approximation, and the green
(blue) lines to conformal MIS (conformal BDNK) in the parameter regime where
they are causal and linearly stable. Finally, the orange star marks to the special
corner point corresponding to the stiff perfect fluid. Note that in these examples,
forevery triplet % yA 2, O, thereisacorrespondingone % Yind 2y W
which we do not show explicitly for clarity.

( bJ,: 6 wb
wherevisaspeed definingalightcone for operator growthand 7 isa
local equilibration time. This bound was obtained using approxima-
tions for the structure of diffusion and gapped modes. This upper
bound should be compared with the lower bound in equation (4) in
the present work: that is,
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which can be viewed as arigorous version of equation (20). Recall
here that v, is the lightcone speed. Note that the rigorous version
demands that equilibration time is replaced by radius of convergence
through v’ > v,cR™, and the precise coefficient is determined in
equation (21). As we discuss in ‘The natural scale of the problem’, R
and J{ areboth characterizations of the scale of non-hydrodynamic
physics, and soitis natural that this replacement appears here.

Another notable bound on transportis the KSS bound?, a conjec-
tured lower bound on viscosity in units of entropy density,
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We know from string theory considerations® that the value of /s can
belowered below this value, at least perturbatively. We have no direct
analogue for this bound. The closest counterpart would be the upper
bound in equation (4), in which we conclude that O < DR. This illus-
trates that the KSSbound (or itsimproved version taking the results of
ref. 30 into account) does not follow from causality alone, but, if at all,
fromother considerations. Thisisin line with the speed of light v, not
appearingatallin equation (22).

Finally we commentonrelations to other Planckianboundsrelated
to KSS, as proposed in refs. 31-34. These are again lower bounds on
diffusion, which involve the butterfly velocity v and the Lyapunov
time 7, forinstance

b3 ( wb
Similar comments apply to these bounds; as lower bounds that do not
appear in our analysis, it seems unlikely that they are a consequence
of the constraints of causality.

Nature Physics



Article

https://doi.org/10.1038/s41567-024-02635-5

Discussion

In this Article, we provide a new look at relativistic hydrodynamics,
focusingon constraining the theory as muchas possible based on fun-
damental principles alone. Using microscopic causality, we exclude
most of transport coefficient space, leaving a convex geometry in which
all causal theories of hydrodynamics necessarily reside. This geometry
isuniquely determined from causality alone and thus universal, inde-
pendent of spacetime dimension, state and any microscopic details.
We provide constraints at all orders in the hydrodynamic expansion
and present adetailed analysis of the first few ordersin the sound and
diffusion cross-sections of this geometry.

Itisimportant to note that the hydrohedronis ageometry defined
inthe space of transport coefficients in units of the momentumscaleR,
where Ristheradius of convergence of the hydrodynamic Taylor series
inequation (1). Thisisanintrinsic scale that may be computed or meas-
ured given a specific theory. This may appear an unfamiliar normali-
zation choice, given that the vast majority of previous hydrodynamic
literature quotes transport coefficients in units such as temperature or
entropy density. However, the universal hydrohedron geometry arises
onlyinunits of R. Because in general Ris afunction of temperatureina
way that depends on the theory, if one were to convert units, then the
shape would be different between theories and universality would be
lost. Indeed, the scale R is the cutoff for the effective theory, marking
the breakdown of hydrodynamics where other physical degrees of free-
domare required. Itis only natural therefore that the universal hydro-
hedron geometry isapparent when coefficients are normalized by R.

Our analysis did not depend on being in the fluid rest frame.
Although our diffusion mode analysis specialized to zero background
fluid velocity, applying aboost vto the dispersion relationin equation
(3) turnsitinto the form of asound mode dispersion relation in equa-
tion (10). Transport coefficients can be converted straightforwardly;

3
for the first few orders, a; — v,8, > 1—02)2B,,0a5 — 2v(1 — uz)zﬁg .

The radius of convergence R does not boost in an easily predictable
way and requires a microscopic computationin each case. The sound
mode results thenapply.

We saw that some faces of the hydrohedron were excluded, mean-
ing that the set is open there. Examples are the faces that lie at the
boundary of the regions excluded by the moment problem. This is not
the case for all faces, however, with the faces a; = 1 and 8, = 0 not fol-
lowing from the moment problem. This raises the interesting possibility
of ‘distinguished’ theoriesliving there, reminiscent of the 3D Ising model
inthe conformalbootstrap’. Indeed, we proved that onthe faces a; = #1,
thedispersionrelationis uniquely w(k) = £k, whichis astiff perfect fluid.
For the face 8, = 0, we have found examples of theories that live there,
butnonethatappeartobe uniquely determined by low-order transport
coefficients (aside from at the intersection with a; = +1). A family of
examples is given by w(k) = 4(1 +i)B, (i —1+V1+ik2-iV1+ kl) for
—1/(4\/5) < B4 < 0.Itwouldbeinteresting to seeif there are other geo-
metrically privileged points corresponding to theories of special
significance.

Our results use analyticity in two senses. First, the role of equa-
tion (2) is simply to exclude singularities from the analytic domain
of momentum space Green’s functions, which follow directly from
the axioms of quantum field theory, as discussed in ref. 7. Second,
we required w(k) be analytic at k=0, see equation (1): that is, the
classical hydrodynamic expansion. However, more is known about
the analytic structure of w(k) from first principles: for instance, it
cannot contain poles’. Thus, finding away to incorporate properties
ofthe ‘global’ analytic structure of w(k)—rather than just analyticity at
k=0-mayresultinamore constrained region of transport coefficient
space. For instance, arecent conjecture for the analytic structure of
chaotic large N thermal two-point functions® may have bearing on
the analytic structure of w(k). Analogously, it is a conjecture in the
S-matrix bootstrap programme that the amplitudes are ‘maximally

analytic’ and this conjecture enables stronger constraints; see for
example refs.14,36,37.

This discussion brings us naturally to the problem of including
and understanding stochastic fluctuations in this language. In this case,
itis known that w(k) becomes non-analytic at k = O; see for example
ref.38. These effects arise from nonlinearities treated in perturbation
theory: for example, correcting @ > @ + g 6Wyocnasiic + 0(g)?, where g is
a coupling constant that controls interaction strength. Therefore, as
long as the perturbative treatment holds, such corrections can only
become important when the causality inequality in equation (2) is
saturated, which then imposes that m(6wochasiic) < 0. It would also
be interesting to investigate stochastic effects at the level of the
Schwinger-Keldysh effective action for hydrodynamics®*, In this
context, it seems natural to attempt to lift the techniques presented
here to the coefficients that appear in this effective action, instead.

Finally, the methods adopted in our paper can be also used to
chart causal convex geometries for other mode types such as Gold-
stone modes, fast-decaying excitations—such as transient quasinormal
modes of holographicblack holes—and quasiparticles.
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Methods
The moment problem
Diffusion cross-section derivation. A general diffusive mode can be
written as the Taylor series in equation (3). Inserting equation (3) into
equation (2) with k = re? and taking the r > 0 limit at 8 = 0, it immedi-
ately follows’
B <0. (24)

If ,=0,then 8, < 0also,and sooninthis fashion.

To obtain additional bounds on transport, we may multiply equa-
tion (2) by any non-negative periodic function of 6, 5(6) and integrate
aroundacircle of radiusr<R,

21 < _
| pouorozo. o= BmAImeD s
0
or, more conveniently for x = cos 6,
1 [} 1
/ pOu)dx > 0, p(x) =1- P71y, (1-x2) 2 Th(x),  (26)
-1 n=1

where T,(x) are Chebyshev polynomials of the first kind. Givensome p(x),
theleft-hand side of equation (26) evaluates to asum of transport coef-
ficients, revealing a bound. Assembling all such bounds, one can then
carve out regions of excluded parameter space by consideringall r<R.

Ananalogous constructioninthe context of scattering amplitudes
isdiscussed inref.17 utilizing the theory of moments, an efficient route
togenerate optimal bounds, whichwe adopt here. Because 1i(x) = u( - x),
we restrict our attention to even functions of x. Then, the condition in
equation (26) becomes a condition on the matrices of moments of the
measure u(x)dx. In particular, at a given N, we construct the following
Hankel matrices of the moments of this measure'*:

1
.. N-¢ 1
(Hﬁ/),j = Qiyjpes LJ=0,..., lTJ a, = 5/ xXpodx,  (27)
1

in which i and; are the indices of the Hankel matrix and ¢ is a label of
suchamatrix, and thenequation (26) is the condition that the following
matrices are positive semidefinite:

HY>0, HY>0, HY —Hy >0, H,  —H >0. (28)
The moments a, are related to §,, (equation (26)) through
Gy = 1 2‘(2"“)“2": 2n 1B, (29)
" 2n+1 “\n-j ¥
Poip LIS X l)f‘f’<2n>(j )a (30)
M= o T oo - . —j+q>
" n(l - 4n2) S 2 )\q) " J+a

and thus, given N, the conditions of positive semidefinite Hankel matri-
ces translate into bounds on a subset of transport coefficients. Here
we consider the constraints arising from the N=2 and N=3 moment
problems and thus construct the projections of the hydrohedroninto
parameter space spanned by the transport coefficients {Rf,, R*B,, R° B¢}
described earlier.

N=2case.Inthis case, werequire positive semidefiniteness of the fol-
lowing matrices forallr<R:

|
HY =
: l_Erﬁ E_Erﬁ LY

3 8F2 5T gr2T3ptr a1
_(l_m o_yp_ (2,0
Hy=(3-5mB:). HY—Hy=(2+35).

These conditions, together with the inequality in equation (24), lead
to theinequalities in equations (4) and (5).

Itis straightforward to demonstrate that the non-excluded region
defined by inequalitiesin equations (4) and (5) is not closed. For exam-
ple, at 8,=0wehave that 8, < 0,and thus aportion of the 8, = 0 bound-
ary indicated in Fig. 1d is excluded. It can be established that the
quadratic portion of thisboundary as well as theline 8, = - 5— arealso
excluded. At these loci in the (RB,, R*B,)-plane, considering the con-
straintinequation (2) atr = Runiquely fixes all higher-order transport
coefficients. This leads to dispersion relations that feature poles and
hence violate the causality condition in equation (2) (see ref. 7), thus
showingthatloci where thefirstinequality inequation (5) is saturated
do not belong to the hydrohedron. An example of such dispersion
relationat 8, =-64/15mis

2 ~4
1—2(1—2a~12k +k ) o2
1-k

€ [1/3,1] parameterizing the curve

'_1) arctanh k +

with k = Rk, = Riv and a; = ———ﬂz

inthe projection plane. Further details may be foundin ‘Further details
on the hydrohedronboundary.

N=3case. HY > 0and H, — H3 > Ogive no new constraints beyond those
inequation (5), whereas HY — H} > 0and H. > Orespectively, forallr <R,
give the additional bounds in equation (6).

We note that when R3S, saturates any of the inequalities in equation
(6), both R*B,and all the higher-order transport coefficients are fixed in
terms of RB, and R*B,. The resulting dispersion relations are excluded
due to the presence of poles (‘Further details on the hydrohedron
boundary’). As aconsequence, theloci where equation (6) is saturated
donotbelongto the hydrohedron.

Sound cross-section derivation. The dispersion relation of a sound
mode has the Taylor series representationin equation (10). Thebound
on the speed of sound in equation (11) is obtained by considering the
fundamental inequality in equation (2) at 8 =1/2 in the r > 0 limit’. As
happenedinthe diffusion case, to find the remaining ones, the optimal
way to proceed is translating the causality condition in equation (2)
into a moment problem. This time, however, the relevant moment
problem is a trigonometric one formulated on the circle 8 € [0, 2m).
We work with the following unit-normalized density

|Smk| — Smw(k)

O)= ———7—— , (33)
g AR iy
and consider the moments
2n
Yy = f eM0u(O)d, n=0,+1,42, .., 34)
0
which satisfy y_, = yi, and read
LT 1 m
Yo=1 Vo= lzfzna2n+1, Yon = G- Zfz"_lﬁzm n>0.
(35)
Our focus will be on the following Toeplitz matrices:
(TWy =V 4j=0.1...N (36)

Thereasonis that {y,,} _oisasequence of moments if and only if Ty is
positive semidefinite, T > O (ref. 19). We now discuss the conse-
quences of this theorem for the transport coefficientsinthe N=1, 2, 3
cases.

N=1case.The Toeplitz matrix is given by
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.M

(37

This matrix is positive semidefinite provided that det 7; > 0. This condi-
tion results in the two-sided bound |;| < %, which is less sharp than
equation (11) and therefore superseded by it.

N=2case. The Toeplitz matrix is given by

LT 1
1 lzal 3" Zr[iz
LT LT
T, = -z 1 iz7m (38)
1 m . TC
—5 — Zrﬁz —lzal 1

Together with equation (4), the requirement that T, > O gives rise to
the two-sided inequality in equation (12).

Inthe case where R, saturates the lower bound in equation (12),
all the higher-order transport coefficients are also fixed uniquely in
terms of ;. The associated dispersion relation features poles and is
therefore excluded. This shows that the curve RS, = —;—f‘ + Eaf, log <1
does not belong to the hydrohedron. We refer the reader to ‘Further
details onthe hydrohedron boundary’ for additional details.

N =3 case. The positive semidefiniteness of T; leads to the two-sided
boundin equation (13).

Ashappenedinthe N =2 case, thelociwhere any side of the bound
inequation (13) is saturated are outside the hydrohedron. The reason
is as before: at these boundaries, R*a; and all the higher-order trans-
port coefficients are fixed uniquely in terms of «; and Rf3,, leading toa
dispersion relation that features poles and is thus in conflict with the
causality condition in equation (2).

Further details on the hydrohedron boundary
Diffusion. Here we explain why the boundaries of the diffusion
cross-section of the hydrohedron determined by the moment prob-
lem are open. These boundaries have a different status than the ones
associated to the condition R, < 0; in principle, this second kind of
boundary can contain dispersion relations that uphold equation (2)
and thus belong to the hydrohedron. The analysis that follows relies
essentially on standard results in the moment problem literature'".
We start by defining the moment cone S,,,; as the set of all trun-
cated moment sequences of length m + 1of allRadonmeasuresin [0, 1]
(thelatter set being denoted as M, ([0, 1])): that is,

1
Sme1 =15 =(ap.ay, ..., aAp) : G =/ xJdux),j=0,...,m, p € M,([0,1])},

0
(39)

and point out thatevery non-trivialmoment sequence s € S,,,; canbe
represented by ameasure of the form

p

H=mb,, p<m+l,
=

(40)

with pairwise distinct roots x; € [0, 1], weights m; > O for all j, and 6, a
Dirac measure at the point x;. A central quantity in our analysis is the
index of this representing measure, ind(u), defined as

ind(u) = ie(xj), where €0)=€¢1)=1
j=1 (41)
and

ex)=2 for xe(0,1),

with ind(s) denoting the minimal index of all representing measures
of's.

Thecrucial resultis Theorem10.7 inref.19 (Theorem3.5inref.18).
Among others, inthis theorem the following statements are shown to
beequivalent:

1) sedSun
(2) ind(s)<sm
(3) Therepresenting measure is unique

From this result, it follows that the moment sequences lying at the
boundary of the moment cone are of the form

p
ap = ij =1, (42)

J=1 J=1

From the expression above, the inversion formula in equation (30)
entails that

00 = ~ 2| 14 (k= L) arctanh k- 3
w(k) = -1+ 7 arctanh k= m; > -

= (l + 122) — 4x;k

2 (1-25+F) “

These dispersion relations are associated to the boundaries of the
moment cones and uniquely determined by the relevant set of weights
m;and roots x;. They feature poles at locations fixed by x;; hence, as
showninref.7,they donotrespect the causality conditioninequation
(2) everywhere in the complex k-plane and thus do not belong to the
hydrohedron. This shows the main result of this subsection: that the
boundaries of the diffusion cross-section of hydrohedron determined
by the moment problem are open. We reiterate that this analysis does
notapply to the other boundaries, prescribed by the RS, < 0 condition.
With the main result established, we now specialize the general
discussion above to the casesm=1, 2, 3 for the interested reader.

m =1 case. We have that ind(s) =1, and hence there is a single root
x; € {0, 1} and weight m, =1. The case x; = O leads to RS, = % and is

unphysical. We are left with the case where x, =1, resultingin amoment
sequence oftheforma,,, = 1. Uponusing equation (30), one finds that
thisboundary point saturates all the lower bounds on c,, put forward
inref. 7, when specialized to a purely diffusive mode.

m=2case. The new cases have ind(s) = 2 and correspond to

(i) p=1,m;=1andx;=x e (0,1) but otherwise free and
(i) p=2,,=0,x,=1,my=1-aand m,=awithae(0,1).

Incase (i), the moment sequence takes the form a,., = x". With the help
of equation (29), one can easily show that this form implies that R°,
saturates the upper bound in the first inequality of equation (5), with
x aparameter labelling points on this boundary.

In case (ii), the moment sequence takes the forma, =1, a,., = a.
It can be readily checked that the relations above imply that
RB, = — % suchthatthelower boundin thefirstinequality of equa-
tion (5) is saturated, with a labelling points on this boundary. The
choice of weights and roots for case (ii) gives back the dispersion
relationin equation (32) in ‘Diffusion cross-section derivation’ upon
usage of equation (43).

We conclude by pointing out that there is a fundamental differ-
ence between the dispersion relations associated to cases (i) and (ii).
Although both feature poles and hence violate in equation (2) some-
whereinthe complex k-plane, the region where equation (2) is violated
includes part of the unit disk for the former but not for the latter. Note
that this also means the transport coefficients from (i) do not form
part of the closure of the hydrohedron, whilst transport coefficients
from (ii) do.
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m=3case. The new cases have ind(s) = 3. They are

(iii) p=2,x,=0,x,=x€(0,1),m;=1-a, m,=awitha e (0,1) and
(iv) p=2,x,=x€(0,1),x,=1, my=a,my=1-awitha (0, 1).

For case (iii), the moment sequence is given by a, =1, a,,., = ax”". This
relation, together with equation (29), implies that RS, saturates the
upper boundgiveninequation (6). For case (iv), @, = ax" + (1 - a), from
whichit follows that R’B, saturates the lower bound given in equation
(6). The dispersion relations associated with cases (iii) and (iv) can be
readily found using equation (43). Both feature poles and are therefore
discarded, implying that the boundaries of the hydrohedron set by
equation (6) are open.

Sound. As discussed in ‘Sound cross-section derivation’, the relevant
moment problem for the sound geometry is a trigonometric one. In
this case, the mathematical results necessary for our analysis can be
found in Chapter 11 of ref. 19.

For the truncated trigonometric moment problem, the moment
cone 8,,,;is defined as the set of allmoment sequences of length n +1
associated to all Radon measures on the unit circle T (the latter set
being denoted as M, (T)),

Sms1 = {s =Wo:V1s-s¥n) 1 Yy = /TZ‘fdu(Z), ue M+(T)}. (44)
Asequencesbelongingtothe boundary of 8,,,; hasaunique represent-
ing measure supported on at most m points. From this result, it follows
thatif s € 08,,,,, then

p
Vn = Z mje_mgj’
=1

0; € [0,2m) (45)

and p < m. We now explore the consequences of this assertion for the
cases m=2,3. We do not consider the m =1 case because it is beyond
the stiff fluid facets we discuss in ‘The stiff fluid facets’”.

m=2case. The moment sequence is of the form y,, = % (e7in0 4 g=in(m=0)),
Thisexpressionimplies that RS, saturates the lower boundinequation
(12). Uponusing equations (35) and (1), this moment sequence results
inthe dispersionrelation

. 4
@) =2 ((IE — Ky arctanh (&) + %)
" 1-2cos2Ok +k
2 (46)
ka+k&)

1-2cos2O)K +k'

4sin(0)
B

with sin(8) = —Eal. This dispersion relation does not belong to the
hydrohedron:it features poles, and moreover it does not belongto its
closure, because it also violates equation (2) in the vicinity of k=
inside the unit disk.

m=3case.Therepresenting measure has three support points. There
aretwo candidate moment sequences such thaty,,,, is purely imaginary
and y,, purely real, y$? = a (e + -0 4 (1 - 2a)e* = . For ), R2ay
saturates the lower bound in equation (13); for {7, it saturates the
upperbound on the same equation. The dispersion relations associated
with y$Y and {7 are, respectively,

Pk = - el ((IZ —& Y arctanh &

La- &y - 2(cos(20) 4acos (6) W +k ))
A+ )1 =2cosQOK +£) “7)
asin(@)1 + I3 )
2 A
1-2cos20)k +k

:_tkl 2a_T§[E
1+k

BOR) = _2 ((/2 — & Yarctanh

La- &y - 2(cos(29) 4acos (e) W + K ))
A+ )1 =2c0sOK + &) “8)
asin(@)(1 + I3 )
1-2 cos(29)l§2 &

-k _§[§
i

As mentioned earlier, both feature poles and are in conflict with the
causality condition (2).

The stiff fluid facets
Giventhe sound mode dispersionrelationinequation (10) with luminal
sound speed a, = 11, the causality condition in equation (2) uniquely
fixesthe dispersion relation to be w(k) = +k. To prove this, first note that
—Smw(k) = |rsinf| —

|Sm k| Y G sin((2n + 1)6)
n=0

(49)
— Y, Banr®" cos (2n6).
n=1

By equation (2), this must be non-negativeforall0 <r<Rand0<0<2m
(for r= R, the Taylor series representation is invalid). Taking «; =1and
restrictingto 8 € [0, ] gives acancellation between the first two terms
inthis rexpansion:

D W sin (20 + 1)6) — 3 B,r*" cos (2n6).
n=1 n=1
(50)

|ISmk| — Smw(k) = —

Thus theleading termin this expansionis now at order r*. Let us proceed
by induction. Take all coefficients up to order r"* to be zero, with the
exception of a;, and note that m > 2. If mis even, then the next termin
the expansion gives the constraint (in the limitr - 0)

—Bm/2 cos(mb) > 0, vO € [0, m) (51)

and hence,,, = 0.Ifinstead mis odd, then the next termin the expan-
sion gives the constraint (in the limit r > 0)

—®(m-1)/2 SiN(mB) > 0, V6 € [0, m| (52)

and thus, similarly, a,_,,, = 0. Hence all coefficients zero up to order
r"timplies the coefficients at order r" are zero. Finally, we note that the
base case m =2is covered by the above analysis, 5, = 0, which completes
the prooffor a; =1. The proof for a;, = -1 proceeds analogously. We note
the observation thata; = 1= f8,=0wasalso giveninref. 28.
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